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Abstract 

A lower bound is obtained for the greatest possible number of colors in an 
interval colourings of some regular graphs. 

Let G — {V, E) be an undirected graph without loops and multiple edges [1], 
V{G) and E{G) be the sets of vertices and edges of G, respectively. The degree 
of a vertex x £ V{G) is denoted by dcix), the maximum degree of a vertex 
of G-by A(G), and the chromatic index [2] of G-by 'x'{G). A graph is regular, 
if all its vertices have the same degree. If a is a proper edge colouring of the 
graph G [3], then the color of an edge e G E[G) in the colouring a is denoted 
by a(e, G), and by a{e) if from the context it is clear to which graph it refers. 
For a proper edge colouring a, the set of colors of the edges that are incident 
to a vertex x G V{G), is denoted by S{x, a). 

A proper colouring a of edges of G with colors l,2,...,i is interval [4], 
if for each color i,l < i < t, there exists at least one edge € E{G) with 
a{ei) — i and the edges incident with each vertex x G V{G) are colored by 
dcix) consecutive colors. 

For t > 1 let Aft denote the set of graphs which have an interval t-colouring, 
and assume: J\f = A/j. For G E J\f the least and the greatest values of t, for 
t>i 

which G G A/t, is denoted by w(G) and T4^(G), respectively. 
In [5] it is proved: 

Theorem 1. Let G be a regular graph. 

1) GGA/'ifrx'(G) = A(G). 

2) If G e A/" and A(G) < t < W{G), then G G A/"*. 

[6] and theorem 1 imply that for regular graphs the problem of deciding 
whether G G A/" or G ^ A/", is A^P-complete [7,8]. 

In this paper we will consider regular graphs G = {V, E), where 

V{G) = ^xf\ l<i<k,l<j < n|, 
E{G) = {(4'\4'^^^) \'^<i<k-l,l<p<n,l<q<n^[j 
[j{{xp \4^^) I 1 <P < < g < '^j, fc > 3. 
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It is not hard to see that A(G) = 2n. Let TZ{n,k) be the set of all those 
graphs. 

In [9] it is shown that if G €TZ {n, k) then 



X'{G) = 



2n, if n • A; is even, 
2n + 1, if n ■ A; is odd. 



Theorem 1 implies: 

Corollary 1. Let G e 7^(n, k) . Then: 

1) G G M, if n ■ fc-is even; 

2) G ^ A/", if n • fc-is odd. 

Corollary 2. If G G 7^ (n, k) and n ■ k-is even, then w{G) = 2n. 
Theorem 2. If G G 7e (n, k) and fc-is even, then W{G) > 2n + ^ - 1. 
Proof. Let 

V{G) = {.tJ'^II < i < A;, 1 < i < n}, 
£(G) = {(4'\4*^^') |l<i<fc-l,l<P<n,l<9<n}u 
U{(4''\4'^) I 1 <P<n,l <(Z<n}- 

Let Gi be the subgraph of the graph G induced by the vertices x^'^'' , x^2^'' , .tI*^-*, 
a:;^^\ -^2^' 7 a;n ' . It is clear that Gi is a regular complete bipartite graph of the 
degree n. Therefore x'{Gi) = ^{Gi) = n, and due to theorem 1, Gi G A/". 

Consider a proper edge colouring a of the graph Gi defined as follows: 

a (^(xp'\x^^^^ = p + q — 1 for p = 1, 2, . . . ,n and q = 1, 2, . . . ,n. 

It is not hard to check that a is an interval (2n — l)-colouring of the graph 

Gi. 

Define an edge colouring f3 of the graph G in the following way: 

1) p((xi'\xi'^),G)=a((xi'\xi'^),G,) 

for p = 1, 2, . . . ,n and q= 1, 2, . . . ,n; 

2) for i = 1, 2, . . . , I - 1 and p = 1,2, . . . ,n, q = 1,2, . . . ,n 
(3((x^\xt'^),G)=(3({xt\xr'^'^) ,g) =a((4'=\4'^) ,Gi)+^n; 

3) p ((4'\4*^^0 = " ((^'^^'0 '^0 + 

for p = 1, 2, . . . , n and q = 1,2, ... ,n. 

Let us show that /3 is an interval (2n + ^ — l)-colouring of the graph G. 
First of all note that for i, 1 < i < 2n — 1 there is an edge ej G E{G) such 
that /3(ej) = i. 
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Now let us show that for j, 2n < j < 2n + ^ — 1 there is an edge ej G E{G) 

with P{ej) = j. 

(2) (3) ( — ) 

Consider the vertices Xn ,Xn , ■-, Xn ■ The definition of /3 impHes that 

k 
2 

U S (xl^' , /3) = {2n, 2n + 1, 2n + - l}. 

1=2 

Tliis proves that for j, 2n < j < 2n + ^ - 1 there is an edge ej G E(G) 
with I3{ej) = j. 

Let us show that the edges that are incident to a vertex v G V{G) are 
colored by 2n consecutive colors. 

Let xf e V{G), l<i<k,l<j <n. 

Case 1: i = 1,1 < j < n. 

The definition of /3 implies that: 

'/^) - (uKH^-r))) u ( u/(K '-^0)) = 

= + 1, + n-l}U{j+n,j + n+l, + 2n - 1} = 
{j, j + l,...,j + 2n-l}. 

Case 2: 2 < i < k - 1,1 < j < n. 
The definition of f3 implies that: 

f u ((-^'^-^) ^Gi) + - 1) • n)) u f u (" '^0 



+ ?: ■ n = 



= {j + {i-l)-n, + i-n-l}u{j + i-n, + (i + 1) • n - 1} = 
= {j + {i-l)-n, + (i + 1) • n - 1}. 

Case 3: i = k,l < j < n. 

The definition of P implies that: 



Jk) (1) 



U (a ,G,) +n) U U - ((-f 



= {j+n,j + n + l,...,j + 2n-l}U{j,j + l,...,j + n-l} = 
{j,j + l,...,j + 2n-l}. 
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Theorem 2 is proved. 

Corollary 3. If G G n{n, k), k-is even and 2n < t < 2n + ^ - 1, then 

Let us note that if G G TZ{n, 4), then the lower bound of the proved theorem 
is the exact value of W{G), that is W{G) = 4n - 1. 
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